A coherently oscillating real scalar field with potential shallower than quadratic one fragments into spherical objects called I-balls. We study the I-ball formation for logarithmic potential which appears in many cosmological models. We perform lattice simulations and find that the I-balls are formed when the potential becomes dominated by the quadratic term. Furthermore, we estimate the I-ball profile assuming that the adiabatic invariant is conserved during formation and obtain the result that agrees to the numerical simulations.
I. INTRODUCTION
It is well known that scalar fields play important roles in cosmology. The most famous example is the inflaton field which causes the accelerated cosmic expansion (= inflation) and generates density perturbations as observed by CMB observations. Some scalar fields existing in the early universe form (quasi-)stable localized objects or solitons whose stability is ensured by some conserved quantity such as a topological number and a global U (1) charge. Topological numbers lead to formation of monopoles, cosmic strings and domain walls and hence they are called topological defects [1] . On the other hand, a scalar field with global U (1) symmetry forms a spherical object called Q ball [2] . The formation of these solitons would significantly affect the cosmological scenario. For example, domain walls, if formed through spontaneous breaking of a discrete symmetry, soon dominate the universe and cause a serious cosmological difficulty [3] . In another example, when the Affleck-Dine filed (which is a flat direction in the scalar potential of the minimal supersymmetric(SUSY) standard model) fragments into Q-balls, its existence significantly changes the scenario of the Affleck-Dine baryogenesis [4] [5] [6] [7] [8] [9] .
Thus, the conserved quantities seem crucial for formation of stable solitons. However, even though there is no evident charge, in some potentials, the scalar field fragments into long lived and localized spherical objects [10] . In this paper, we call this object "I-ball" following Ref. [11] .
1 I-balls are formed through coherent oscillations of a real scalar field φ with potential shallower than quadratic. Empirically it is known that I-balls are produced after enormously many oscillations, so the time required for formation is much larger than the typical time scale of the system, i.e., oscillation period ∼ 1/m where m is the mass of the scalar field. Ref. [11] pointed out that the oscillating real scalar field has an adiabatic invariant which plays a role of the conserved charge and accounts for the stability of the I-ball. However, the adiabatic invariance requires that the scalar potential V (φ) should be dominated by the quadratic term m 2 φ 2 . Therefore, it is not certain whether solitonlike objects are formed for other type of scalar potentials. Furthermore, because of the complexity of the non-perturbative evolution of the fluctuations of the scalar field, the I-ball formation and its stability is not sufficiently understood.
Recently, scalar potentials shallower than quadratic attract the attention in the various situations in the early Universe. For instance, the Planck result of the non-detection of tensor mode [12] excludes chaotic inflation with potential ∼ φ n (n ≥ 2) and prefer to shallower potential [13] [14] [15] [16] [17] . It was shown that some of the above models lead to the formation of I-balls in the previous studies [18] [19] [20] . In those cases, I-ball formation after inflation has interesting cosmological effects such as enhancement of the inflaton decay [21, 22] and production of gravitational waves [23] .
Moreover, the potentials of the inflaton and other scalar fields can be shallower by correction due to interactions with other fields. In particular, taking account of the interaction of the inflaton with the thermal bath [24] the inflaton potential becomes logarithmic. As the logarithmic potential is shallower than the quadratic, the oscillating field would fragment into I-balls and would alter the cosmological scenario. The logarithmic potential also appears in the gauge mediated SUSY breaking [25] . In this case the scalar field has a U (1) charge and Q balls are formed. However, if the phase direction has a large mass for some reason and the motion of the scalar field is restricted in the radial direction, I-balls may be formed.
Therefore, in this paper we study the possibility of the I-ball formation with logarithmic potential. As this process of the I-ball formation is dominated by the non-linear evolution of the fluctuations of the scalar field, we perform the lattice simulation. Furthermore, we estimate the field configuration of the I-ball analytically assuming that the adiabatic invariant is conserved.
The organization to this paper is as follows. At first, we confirm the existence of Iball executing the lattice simulation in Sec. II. Secondary, to clarify the dynamics of the I-ball formation for the logarithmic potential, we analytically estimate the profile of I-ball configuration in Sec. III. Finally, we conclude this paper in Sec. IV.
II. SIMULATION
In this section, we confirm the formation of I-balls with logarithmic potential. Since the process is dominated by the non-linear evolution of the fluctuations of the scalar field, we perform the lattice simulations. The equation of motion is integrated by the leapfrog method with 4th order and the spatial derivative is approximated by the Central-Difference formulas with 4th order. In this paper, in order to follow the scalar field dynamics for sufficiently long time with cosmic expansion, we have performed 1 + 1-dimensional numerical simulations.
We take the following potential for the scalar field φ:
where M is the typical scale of the system and φ is the scalar fields. The equation of motion for the scalar fields in 1 + 1-dimensional expanding Universe is given as
where a dot and a prime are the derivatives with respect to the cosmic time t and the field φ, respectively, H is the Hubble parameter and a is the scale factor. Here we suppose that the universe is expands as a ∝ t 2/3 like the matter-dominant case.
In the numerical simulation, we take the physical variables to be dimensionless as
The initial conditions are taken as
where δφ is set by the Gaussian distribution and its variance is set to be 10 We present the result of the lattice simulation in Fig.1 , which shows the time evolution of the spatial distribution of the energy density Table I .
With the logarithmic potential (1), the inflection point is at φ = 1 and the deviation from the quadratic potential becomes significant beyond this point. even if the scalar field starts to roll down the potential with the initial amplitude φ 0 1, it fragment into I-balls. In addition, we see that the time to form I-balls becomes shorter as the initial amplitude is larger, since the amplification of the fluctuations δφ by the parametric resonance with the logarithmic potential is bigger for the larger initial amplitude. Although the I-ball formation takes place even for φ 0 1, the oscillating amplitude inside the I-ball cannot be more than 1. In all previously known cases, I-balls are formed with the quasiquadratic potential [26] . For the case of the logarithmic potential, the I-balls are also formed when the scalar field oscillates at the region where the potential is approximately given by the quadratic form, which results in Φ(0) ≤ 1 as seen in Table I potential is dominant is consistent with the idea that the adiabatic invariance is crucial in the I-ball formation.
III. ANALYTICAL ESTIMATE
Although it is not fully understood what makes the I-ball stable, Ref. [11] pointed out that the adiabatic invariance plays the crucial role for its formation and the result of the simulation in the previous section is consistent with this. In the classical mechanics, if the system undergoes a periodic motion with some external force which is adiabatic enough not to disturb the periodic motion, there exists the adiabatic invariant, namely, the area of the track in the phase space is conserved [27] . This can be extended to the classical fields [11] and the adiabatic invariant is defined as
where the overline represents the average over the period of the motion. In this section, we analytically estimate the configuration of the I-ball under the assumption that the adiabatic invariant (4) is conserved during the I-ball formation. We also investigate the instability mode of the fluctuations and consider the relation to the radius of the I-ball.
A. PROFILE OF I-BALL
We presume that the configuration of the I-ball takes the lowest energy with fixed I when it is formed. In this situation, using the method of the Lagrange multipliers, we can derive the field configuration by minimizing E ω defined as
The quantities averaged over the period are given by
where Φ is the amplitude of the oscillation. Variation of E ω (5) with respect to Φ leads to
where ω ≡ω −M . For |Φ| < 1, expanding the third term of eq. (7) as 2M
we can obtain the analytical solution as
where Φ(0) is the amplitude at the center of the I-ball. From the above configuration (8),
we can estimate the size of the I-ball as
where R is the distance from the center at which Φ(R) = Φ(0)/2. Fig. 2 shows the comparison of I-ball configuration of the analytical estimation (8) resonance. In this subsection, we derive the instability mode of the oscillation and compare it with the radius of the I-ball (9).
In the Fourier space, the equation of motion for the fluctuation mode δφ k is given by
where we decomposed the filed into the background and the fluctuation as φ(t, x) = φ 0 (t) + δφ(t, x) and ignored the cosmic expansion. Since the background φ 0 oscillates with frequency √ 2M as φ 0 (t) = Φ cos( √ 2M t), the eq. (10) is written as
where τ is defined as τ ≡ √ 2t. This is the Mathieu equation [28] which has instability mode at (k 2 /M 2 + 2 − Φ 2 )/2 1 (e.g. see the stability/instability chart in [29] ). Thus, the instability occurs at 1
This is in accord with the result of the estimation for radius of I-ball (9) . So far we see the instability in eq. (11) which is linear in δφ. When the fluctuations increase, the non-linear effect becomes important. Then the instability can be suppressed by pressure coming from the gradient term (∇φ) 2 and two effects are finally balanced, which leads to the formation of the stable I-ball.
IV. CONCLUSION
In this paper, we have confirmed that a coherently oscillating field with logarithmic potential fragments into I-balls using lattice simulation. However, the I-balls are formed after the scalar potential becomes dominated by the quadratic term. As a consequence, the amplitude of I-ball is limited above. This result suggests that the adiabatic invariance plays an import role in the I-ball formation. In fact, we have estimated the I-ball configuration under the assumption that the adiabatic invariant is conserved, and the estimated configuration is well fitted to the result of the simulation. This logarithmic potential appears in the various situations in the early Universe and hence the I-ball formation would affect the cosmological scenario, which will be studied in a forthcoming paper [30] .
